The concept of Arf numerical semigroup plays a significant role in the study of the equivalence between algebroid branches. Namely, two algebroid branches are said to be equivalent if their Arf closures have the same value semigroup, that is an Arf numerical semigroup. By introducing the concept of Arf good semigroups of N r , it is possible to extend the aforementioned equivalence to the more general context of algebroid curves with r > 1 branches. Arf good semigroups can be completely described by their multiplicity trees that are combinatorial objects whose study is independent from the ring theory context. In this paper we give an algorithm for the computation of all Arf numerical semigroups with a given genus. Moreover, we generalize the concept of genus of a numerical semigroup to good semigroups of N r and we give a procedure to calculate all Arf good semigroups of N r with a given genus.
Introduction
In this paper we present procedures concerning Arf subsemigroups of N r for r ≥ 1. In particular, for r = 1, we deal with the concept of Arf numerical semigroup whose importance is motivated by its role in the study of equivalence between algebroid branches. Specifically, two algebroid branches are said to be equivalent if they have the same multiplicity sequence (cf. [4, Definition 1.5.11]), that is the sequence of the multiplicities of their succesive blow ups. In [1] , Arf gave an algebraic interpretation of this equivalence, introducing the concept of Arf ring and showing that for each algebroid branch R there exists a smallest Arf overring R , called the Arf closure of R. A ring R and its Arf closure have the same multiplicity sequence, and from this it B Giuseppe Zito giuseppezito@hotmail.it follows that two algebroid branches are equivalent if and only if their Arf closure have the same value semigroup. Taking into account the properties of the value semigroup of an Arf ring, a numerical Arf semigroup is defined as a numerical semigroup S ⊆ N such that S(s) − s is a semigroup, for each s ∈ S, where S(s) = {n ∈ S : n ≥ s}. The multiplicity sequence of an Arf numerical semigroup S = {s 0 = 0 < s 1 < s 2 , . . .} coincides with the sequence of the differences s i+1 − s i . By focusing on the numerical properties that a sequence has to satisfy to be a multiplicity sequence, it is possible to study the Arf numerical semigroups with a combinatorial approach without referring to the ring theory context. When r > 1, we deal with the class of Arf good semigroups of N r . The definition of good semigroup was presented [2] and it is based on the properties of the value semigroups of one dimensional analytically unramified rings (for example the local rings of algebraic curves).The properties of these semigroups were already considered in [3, [5] [6] [7] [8] 10 ], but it was in [2, Example 2.16] that it was proved that the class of good semigroups is larger than the one of value semigroups. Therefore, good semigroups can be seen as a natural generalization of the concept of numerical semigroups. A good semigroup S ⊆ N n is said to be local if the zero vector is the only element of S with zero coordinates.
The definition of Arf semigroup in the context of good semigroups of N r can be given by adapting the numerical version in a natural way. Specifically, an Arf good semigroup of N r , is a good semigroup such that S(α) − α is a semigroup, for each α ∈ S, where S(α) = {β ∈ S : β ≥ α}, and α ≤ β if and only if each coordinate of α is smaller than the corresponding one of β. Furthermore, in [2] the authors extended the concept of multiplicity sequence by proving that it is possible to associate to a local Arf good semigroup a multiplicity tree that characterizes the semigroup completely. A tree T of vectors of N n has to satisfy some properties to be a multiplicity tree of a local Arf good semigroup. For instance, it must have multiplicity sequences along its branches (because its projections are Arf numerical semigroups) and each node must be able to be expressed as a sum of nodes in a subtree of T rooted in it. In [14] , taking into account this 1-1 correspondence, it is shown a way to describe a multiplicity tree of an Arf good semigroup of N r by mean of an ordered collection E of multiplicity sequences and a matrix M(T ) E = ( p i, j ). In the same paper it is shown that we can consider a particular class of trees, the untwisted ones, that are easier to study because they can be expressed by a vector of N r −1 instead of a matrix. This is not restrictive because every multiplicity tree can be transformed by an opportune permutation into an untwisted one (this implies that the corresponding semigroups are isomorphic).
The conductor c(S) of a good semigroup S is the minimal vector such that c(S) + N r ⊆ S. The existence of such a vector is guaranteed by the properties of good semigroups. The genus of a numerical semigroup S is the cardinality of N\S. In [11] , the authors presented algorithms for the computation of all the Arf numerical semigroups with given conductor, genus, or conductor and genus. In [15] , in order to extend the procedures presented in [11] , it is shown how to deduce the value of the conductor of an Arf good semigroup from the representation of its multiplicity tree and a way to compute all Arf good semigroups of N r with a prescribed conductor. Thus, the aim of this paper is to keep on generalizing the results contained in [11] , by introducing the concept of genus of a good semigroup of N r . This can be done by using the function d(_\_) defined in [6] . In particular, if S is a good semigroup of N r with conductor c, then C = c + N r is an ideal of S and we can define the genus of S as g(S) = d(N r \C) − d(S\C). Then, using the aforementioned representation for multiplicity trees and the procedure developed in the numerical case, we address the problem of computing the set Gen(r , n) of all Arf good semigroups of N r with an untwisted tree and genus n.
The structure of the paper is the following. Section 2 is devoted to introduce the main objects of the paper by recalling their definition and basic properties.
In Sect. 3, we address the problem, already studied in [11] , of finding the set Gen(n) of the multiplicity sequences of all Arf numerical semigroups with genus n. We accordingly adapt the procedure presented in [15] for the computation of all Arf numerical semigroups with a given conductor, presenting a non recursive algorithm for the computation of Gen(n), that is faster than the one presented in [11] .
In Sect. 4, we define the sets Gen(r , n) of the untwisted multiplicity trees of all Arf good semigroups of N r with genus n. In Theorem 1 we give a way to compute the genus of an Arf good semigroup of N r with an untwisted multiplicity tree, starting from its representation T E . Using this theorem it is possible to develop, using induction on r , a procedure that calculates the set Gen(r , n), and Proposition 4 gives a way to make this computation faster. We give a strategy for computing the set Gen(r , n) of all multiplicity trees (twisted and untwisted) associated to an Arf good semigroup with genus n in N r . At the end of the section we give an example of the application of the developed procedure and we present some tables containing cardinalites of the sets Gen(r , n) for some values of r and n.
The procedures presented here have been implemented in the GAP package numericalsgps [9, 13] .
Preliminaries
In this section we recall the basic definitions and we fix the notation used throughout the paper.
Arf numerical semigroups
A numerical semigroup S is a submonoid of (N, +) such that N\S is finite. The maximum F(S) of the set Z\S is known as the Frobenius number of S. The conductor c(S) of S is the smallest number such that n ∈ S for all n ≥ c(S), and it is clear that c(S) = F(S) + 1. The genus of a numerical semigroup S is the cardinality of N\S.
We are interested in a particular class of numerical semigroups, which is the set of Arf numerical semigroups. Definition 1 A numerical semigroup S is said to be Arf if S(s) − s is a semigroup for each s ∈ S, where S(s) = {n ∈ S : n ≥ s}.
Given an Arf numerical semigroup S
It is evident from the definition that the multiplicity sequence of an Arf numerical semigroup satisfies the following properties.
Proposition 1 Let S be an Arf numerical semigroup, and let M be its multiplicity sequence. Then we have:
• M = {m i : i ≥ 1} is a non-increasing sequence of positive integers;
• there exists k ∈ N * such that m n = 1 for all n ≥ k;
• for all n ∈ N * there exists s(n) ≥ n + 1 such that m n = s(n) k=n+1 m k . We call multiplicity sequence any sequence that satisfies the conditions of Proposition 1. We fix some notation regarding the representation of a multiplicity sequence M. Since M = {m n : n ≥ 1} is a sequence of integers that stabilizes to 1, we can describe it by a finite list In [12, Corollary 39] , the following result is proved.
Proposition 2 A non-empty subset S of N is an Arf numerical semigroup if and only if there exists a multiplicity sequence M
= [m 1 , . . . , m l(M) ] such that S = 0, m 1 , m 1 + m 2 , . . . , m 1 + · · · + m l(M) , → ,
where with n, → we mean that all integers larger than n are in S.
Thus, the multiplicity sequence of an Arf semigroup characterizes the semigroup completely, and giving an Arf numerical semigroup is equivalent to giving its multiplicity sequence. Throughout this paper, given a multiplicity sequence M, we denote by AS(M) the Arf numerical semigroup corresponding to M.
Arf good semigroups of N r
In this subsection we recall how it is possible to extend the concept of numerical semigroups to subsemigroups of N r , introducing the concept of good semigroup.
In the following, given a vector α ∈ N r , we denote by α[i] its ith component. Furthermore, given two vectors α, β ∈ N r , we say that α ≤ β if and only if
The definition guarantees that for a good semigroup S there exists a minimal vector c(S) such that c(S) + N r ⊆ S. Such a vector is known as the conductor of S.
A good semigroup S is local if the zero vector is the only vector of S with some component equal to zero. In this paper we will always deal with local good semigroups. However, it can be shown that every good semigroup is the direct product of local semigroups (cf. [2, Theorem 2.5]).
A relative ideal I of S does not need to satisfy the conditions G1 and G2 of Definition 2. However it always satisfies the third condition. If a relative ideal also satisfies the first two conditions, it is called good relative ideal.
Definition 4
Let I be a good relative ideal of S. Consider α, β ∈ I with α < β. A chain
with α (i) ∈ I for all i, is said to be saturated if it cannot be extended to a longer one between α and β in I .
We have the following proposition proved in [6, Proposition 2.3].
Proposition 3 Let I be a good relative ideal of S. Consider α, β ∈ I with α < β.
Then all saturated chains between α and β in I have the same length.
Notice that the length is computed considering the "edges" in the chain; for instance the chain
has length n. Let I be a good relative ideal of S and suppose that α, β ∈ I , with α < β. We denote by d I (α, β) the common length of a saturated chain in I from α to β. If α = β we set d I (α, β) = 0.
Definition 5 Let J ⊆ I be two good relative ideals of S. Consider m J and m I the minimal elements in J and I respectively. Then, for any sufficiently large α ∈ J , we set d(
In [6] it is shown that this definition does not depend on the choice of α.
If S is a numerical semigroup with conductor c, then C = {c, →} is an ideal of S. Thus, the genus of S can be also obtained in the following way:
Thus, we have a natural way to extend this concept to good semigroups of N r . If S is a good semigroup of N r with conductor c, then C = c + N r is a good ideal of S and we can define the genus of S as:
Notice that, if r = 1, we obtain the usual notion of genus for numerical semigroups since it is trivial that d On the other hand, d(S\C) is the length of a sautared chain in S from 0 ∈ S to c ∈ S. We are again interested in the class of Arf good semigroups of N r that can be defined in the following way, naturally extending the numerical definition.
Definition 6 A good semigroup S ⊆ N r is said to be Arf if S(α) − α is a semigroup, for each α ∈ S , where S(α) = {β ∈ S : β ≥ α}.
In [2] , the authors proved that it is always possible to associate to a local Arf subsemigroup S of N r , a tree T of vectors of N r , called the multiplicity tree of S.
Let us fix some notations on the description of such a tree T . Given a tree T , we denote by N(T ) ⊆ N r the set of the nodes of T . We say that a node n ∈ N(T ) is in the ith branch of T if and and only if n[i] = 0.
Given two nodes n and m ∈ N(T ) we use the notation n → m to indicate that n is linked to m. Thus we define recursively the levels of N(T ) by saying that a node n is at level j, where j ∈ N ≥2 , if and only if there exists a node m at level j − 1 such that m → n, and by assuming that the first level of the multiplicity tree T of S consists only of the multiplcity vector e(S) = min{S\{0}}. Notice that, since we are in the local case, the multiplicity vector has no zero coordinates, hence it belongs to each branch of the tree.
Following these notations we have that a tree T , such that N(T ) ⊆ N r , is a multiplicity tree of a local Arf good semigroup if and only if it satisfies the following properties (cf. Given a tree T satisfying the previous properties, we denote by S(T ) its associated local Arf good semigroup. Then S(T ) is
where T ranges over all finite subtrees of T rooted in n 1 1 = · · · = n 1 r = e(S).
Remark 1 Since the conductor c(S(T )) is an element of the Arf good semigroup S(T ),
it can be expressed as a sum of nodes in a subtree T of T . It is easy to verify that T must be the subtree consisting of the nodes of T that are different from the canonical vectors e i = (0, . . . , 0, 1, 0, . . . , 0).
Example 1
Let us consider the following subset of N 2 ,
It is possible to verify that S is an Arf good semigroup with the following multiplicity tree:
Notice that the previous properties imply that for each i ∈ {1, . . . , r }, the sequence {n j i [i], j ∈ N} is a multiplicity sequence. In the following, with an abuse of notation, we will identify a branch of the multiplicity tree with the multiplcity sequence along it.
Therefore a multiplicity tree T of an Arf good semigroup of N r can be represented by an ordered collection of r multiplicity sequences E and by an upper triangular matrix r × r 
then we have
Thus, if M 1 and M 2 are two distinct multiplicity sequences, we define the compatibility between M 1 and M 2 as the integer
A tree T is untwisted if two non-consecutive branches are glued at level l if and only if all the consecutive branches between them are glued at a level greater than or equal to l. We say that a tree is twisted if it is not untwisted. From the definition it follows that the matrix of an untwisted tree T ∈ τ (E) is such that:
So an untwisted tree can be completely described by the second upper diagonal of its matrix. Thus, in the following we indicate an untwisted tree associated to E by a vector T E = ( p 1 , . . . , p r −1 ) where p i = p i,i+1 . By extension, an Arf good semigroup S is called untwisted if its multiplicity tree is untwisted.
Remark 2
It is easy to see that a twisted tree can be converted to an untwisted one by accordingly permuting its branches. This tree is twisted because the first and the third branches are glued at level two, while the first and the second are not.
Example 2 Let us consider the tree of τ (E) with
If we consider the permutation (2, 3) on the branches we obtain the tree that is untwisted. Notice that this tree belongs to a different set τ (E ) where
and it can be represented by the vector T E = (2, 1).
An algortithm for computing the set of Arf numerical semigroups with given genus
In [11] , it is presented an algorithm for the computation of the set of the Arf numerical semigroups with a given genus. In this section we give a new procedure for the computation of such a set that is faster when implemented in GAP. In fact, it has already replaced the older one in the GAP package Numericalsgps of which the author is one of the contributors [9] . We denote by Gen(n) the set of multiplicity sequences of Arf numerical semigroups with genus n. It is easy to show that, if M is a multiplicity sequence, then the genus
Our aim is to compute Gen(n) for all n ∈ N. If n = 0, then Gen(n) = {[ ]}. Thus we suppose n ≥ 1. Denote by 
So if we know U n (i) for i = 1, . . . , n − 1, then we can compute Gen(n) in the following way:
where we denote by Append(n, M) the list obtained by appending n at the beginning of M. Thus, we need a way to compute U n (i).
, otherwise we set q = i −m 1 +1 and we have the following situation:
So each U n (i) can be constructed using U n (q) with 1 ≤ q < i. Thus, we have the following algorithm for the computation of Gen(n).
In the next table we compare some calculation times obtained with the new version of the function ArfNumericalSemigroupsWithGenusUpTo, based on the previous algorithm, with the older one presented in [11, Algotithm 2] (Table 1) .
Arf good semigroups of N r with given genus
From this section we start dealing with Arf good semigroups of N r . In particular our aim is to find a way to determine the set of all Arf good semigroups of N r with a given genus.
By Remark 2, it is not restrictive to focus only on the untwisted ones, for which the following theorem gives a way to recover the genus from their representation.
input : A nonnegative integer n output: The set Gen(n) of all the multiplicity sequences of Arf semigroups with genus n
Algorithm 1: Algorithm for the computation of Gen(n) 
Proof Denote by c = c(S(T )) = (c[1], . . . , c[r ]) the conductor of S(T ), and by
Denote by 
Thus we have
where we are using the fact that
). Now we want to compute d(S\C). We need a saturated chain in S(T ) from 0 to c. Suppose that we have 0 = s 0 < s 1 < · · · < s l = c, a saturated chain in S(T ). We clearly have s 1 = (M 1 [1] , . . . , M r [1] ), that is the multiplicity vector of S(T ). Let us consider s q ∈ S(T ), with q = 1, . . . , l − 1. The properties of the multiplicity tree of an Arf good semigroup guarantee that there exists a subtree T of T , rooted in the node corresponding to s 1 , such that s q is the sum of all the nodes of N(T ). Now, it is clear that, in order to have a saturated chain, s q+1 must be the sum of all the nodes belonging to a subtree T of T such that: ( p 1 , . . . , p r −1 ) we deduce that the ith and i + 1th branches have exactly p i nodes in common for each i = 1, . . . , r − 1. Therefore we can conclude:
Finally we have:
and the proof is complete. Now we denote by Gen(r , n) the set of the mulitplicity trees of all the untwisted Arf good semigroups in N r with genus n. Given n ∈ N we want to find a way to compute the set Gen(r , n). We do that using recursion on r . From the previous section we know how to compute Gen(1, n), so the base case is done. First of all, we notice that we need n ≥ r − 1. In fact an untwisted Arf good semigroup S of N r can be associated to a tree T = T E = ( p 1 , . . . , p r −1 ) with E = {M 1 , . . . , M r }, and we have just shown that
We fix r ≥ 2 and n ≥ r − 1 and suppose that T = T E = ( p 1 , . . . , p r −1 ) is a multiplicity tree in Gen(r , n), where E = {M 1 , . . . , M r } is a collection of r multiplicity sequences.
Consider t < r . We can write:
G. Zito therefore if we denote by
we have:
Now, we have:
,
So we can deduce that T belongs to the following set:
By using the inverse implications, it is very easy to show that S(r , n) ⊆ Gen(r , n). Then we have Gen(r , n) = S(r , n).
Since we reduced the computation of Gen(r , n) to the computation of Gen(t, k) and Gen(r − t, k), using recursion and the base we have a complete answer to our problem.
Remark 3 If we have
It is clear that if T ∈ Gen(r , n), then T −1 ∈ Gen(r , n) too. If U is a set of multiplicity trees, we denote by
We have the following proposition:
, we claim that for any integer p ∈ {1, . . . , n − r + 2}, we have
Example 3
We compute Gen (2, 3) . In this case we have t = 1.
We have to consider the sets I . Case: p = 2 ⇒ k(2) = 0 -k(2) = 0. To compute I 3 2 (1, 2, 0) we need M 1 ∈ Gen(1, 0) and M 2 ∈ Gen(1, 1). Thus we only have to consider
In this case 2 = p ≤ Comp(M 1 , M 2 ) = 2, then the tree T 6 = T E 6 = (2) belongs to Gen(2, 3).
Therefore I 3 2 (1, 2, 0) = {T 6 } . We have now to compute I 3 2 (1, 2, 0)
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